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Abstract 

A reference frame F is described by the element g of the Poincare 
group V which connects F with a given fixed frame Fq. If F is a 
quantum frame, defined by a physical object following the laws of 
quantum physics, the parameters of g have to be considered as quan- 
tum observables. However, these observables are not compatible and 
some of them, namely the coordinates of the origin of F, cannot be 
represented by self-adjoint operators. Both these difficulties can be 
overcome by considering a positive-operator-valued measure (POVM) 
on V, covariant with respect to the left translations of the group, 
namely a covariance system. We develop a construction procedure for 
this kind of mathematical structure. The formalism is also used to 
discuss the quantum observables measured with respect to a quantum 
reference frame. 

PACS: 02. 20.-a - group theory; 03.30. +p - special relativity; 03.65.- 
w - quantum theory. 

1 Introduction 



As Mach remarked at the end of the nineteenth century |15| , from the phys- 



ical point of view a frame of reference is defined by a material object of the 
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same nature as the objects that form the system under investigation and the 
measuring instruments. Such an idea doesn't conflict with classical mechan- 
ics: for example a rigid body can define a spatial origin and an orientation. 
The situation becomes more complicated in quantum mechanics: Heisen- 
berg's uncertanty relations forbid the exact determination of the position 
and the velocity of a frame. As noted by some authors 0, such an analysis 
not only contributes to remove a classical concept from quantum mechanics, 
but also reveals some surprising physical consequences, such as the "paradox 
of the quantum frames". That is, if we have three frames of reference F±, F2 
and F3, the observables which describe the relation between F\ and F2 may 
be not compatible with the observables which describe the relation between 
F2 and i<3, even if the systems don't interact. 

We follow an operational approach: the mathematical structures involved 
should have a direct physical meaning. From this point of view, a frame is 
determined by the procedures which transform an initial frame into the cho- 
sen one. The set of the transformations allowed by a relativistic theory is 
represented by the proper orthochronous Poincare group V. Each element 
of V can be identified by means of ten indipendent parameters, indicating 
the coordinates of the new origin in the Minkowsky space-time, the three 
components of the velocity and three angles of orientation. From a physi- 
cal point of view these ten variables can be determined by their measure- 
ment performed on the physical object defining the frame: They have to be 
considered observables. Unfortunately spectral measures, the mathematical 
structures traditionally associated to the physical concept of observables in 
quantum mechanics, cannot describe neither simultaneous measurements of 
position and velocity, nor measurements of time (Pauli's theorem). Accord- 
ing to Gleason's theorem, the natural generalization of spectral measures, 
compatible with the "Copenhagen interpretation", is given by the so-called 
positive operator value measures (POVMs) [§,|8. bj . 



An observable is often characterized by its transformation properties un- 
der a particular symmetry group. We can define a system of covariance 
as a POVM endowed with its covariance properties under some symmetry 
group |5],|7|,|30|]. If a POVM reduces to a spectral measure, the structure so 
defined is called ^system of imprimitivity Jl! 



Following some hints which can be found in ref p0[ , in section 2 we illustrate 



a general construction procedure for covariant observables, which allows one 
to assign the statistical distribution of the outcomes to the state vector of 
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the system on which the measurement is performed. The cornerstones of our 
procedure are three theorems. The first one (covariant dilatation) asserts 
that any system of covariance can be derived from a suitable system of im- 
primitivity to which it is linked by means of a suitable "intertwinig operator" . 
The second theorem is Mackey's imprimitivity theorem, which allows us to 
find the most general form of a system of imprimitivity. The third one is the 
"intertwinig operator theorem" , which we derived in order to find the most 
general intertwining operator connecting the systems of imprimitivity to the 
unknown system of covariance. Its application is possible when the unitary 
representations of the symmetry group acting on the involved Hilbert spaces 
are decomposed into irreducible unitary representations. 

We stress that our results are very general and allow one to describe all 
the possible measurements of a given observable, defined by its spectrum and 
its trasformation properties under a relevant symmetry group, performed on 
a physical system which is identified by its covariance properties under the 
same group. We do not introduce any model, but use general symmetry 
properties of the measurement, to get all the POVMs describing a choosen 
observable. 

In section 3, the developed procedure is used for a new derivation of the 
most general POVM on Minkowsky space-time which is covariant with re- 
spect to the Poincare group, found in ref by means of a different method. 

Coming back to quantum frames in section 4, their description can be 
given by a system of covariance on the proper orthochronous Poincare group, 
which is in this case both the parameter space and the symmetry group. 
Harmonic analysis on SL(2C) and on the group of translations of R 4 al- 
lows the decomposition of the most general unitary representation of V into 
irreducible unitary representations. In this way, the intertwining operator 
theorem can be applied and the most general probability distribution can be 
found. 

A comparison with the Poincare covariant POVM on Minkowsky space-time 
indicates the existence of some constraints. In particular the so-called bari- 
centric measures cannot be obtained: In other words one cannot require that 
the coordinates of the origin coincide with the coordinates of the centre of 
mass of the physical system defining the frame. Moreover through an analy- 
sis of our results, one realizes that, for a complete description of a quantum 
reference frame, kinematical variables are not sufficient and internal degree 
of freedom of the system have to be involved. 
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Finally, the formalism we adopted also allows an alternative derivation 
of the paradox of the quantum frames. Indeed, in section 5, we derive the 
form of the POVMs describing the relative observables between a generical 
quantum object and a quantum reference frame. The observables describing 
the relations between non-interacting quantum frames are just a particular 
case. 

We hope that an analysis of the variances of the probability distributions 
we have found will give a new class of indeterminacy relations. 



2 Mathematical tools 

In the traditional framework of quantum mechanics, the states of a system 
are described by rays in a complex separable Hilbert space, or by normalized 
positive trace class operators, while observables are described by self-adjoint 
operators or, equivalentely, by spectral measures. It is well known that the 
last ones cannot describe neither joint measurements of incompatible observ- 
ables, nor measurements of time, indeed Pauli's Theorem |2l],[3l[ forbids the 
description by means of a self-adjoint operator of an observable canonically 
conjugate to an Hamiltonian with a semibounded spectrum. Nevertheless, 
as noted by some authors |||4|,[J(|, the description of some measuring instru- 



ments requires a different mathematical structure, which can be recognized as 
a generalization of spectral measures: the so-called positive operator value 
measures (POVM). Gleason's theorem assures they are the most general 
mathematical structures describing observables compatible with the proba- 
bilistic interpretation of quantum mechanics. 

The analysis of the proof of Pauli's theorem, shows that it is based on the 
covariance of time measurements with respect to time translations. This 
is not accidental, but shows the importance of simmetry in our discussion. 
Indeed, the requirement of precise covariance properties of the quantum mea- 
surement under some simmetry group Q leads to the following definition of 
covariance systems M. 
Notation From now on: 

1. S will indicate a topological space which is locally compact and has a 
countable base of its topology. S is called the "space of the possible 
results of the measurement". 
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2. 7i will indicate a complex separable Hilbert space. 7i is called "the 
space of states (of the quantum system)". 

3. Q will indicate a locally compact topological group which has a count- 
able base of its topology. Q is called the "symmetry group of the 
theory" . 

Definition 1 Let H be a space of states and S be a space of possible results. 
A POVM on S is a class r : = {r(/)}/ e g(5) ; where B is the a- algebra of 
Borel sets of S and each t(I) : 7i — > H is a positive bounded operator such 
that: 

1. r(J) > r(0) =0 V/ G B 

2. r(UJ i )=Er(J i ) 

3. r(S) = 1 

where {U} is a countable collection of disjoint elements of B and the conver- 
gence is in the weak topology. 

Given a space of states H, a space of possible results S and a POVM 
{r(I)}i e B(s), for any pure state of the system determined by a normalized 
vector (f) G 7i, the probability that the outcome of the measurement of the 
observable described by {r(/)}/ 6i g(5) belongs to the Borel set / is: 

P(0,/) = (0,r(/)0). (1) 

More generally, for any mixed state of the system determined by a normalized 
positive trace class operator p on H, the probability above is given by: 

P(p,I) = Tr[pr(I)]. (2) 

Note: If r(ii fl I 2 ) = t(Ii) ■ r(/ 2 ) for all h,h G B then r is a spectral 
measure. 

The physical requirement that two observers, related by a transformation 
of the simmetry group Q and performing the same experiment, get the same 
statistical distribution of the outcomes of the measurement, leads to a natural 
covariance condition and, eventually, to the following definition: 
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Definition 2 Let Ti be a space of states, S be a space of possible results 
and Q a symmetry group of the theory. Suppose that Q acts on S by means 
of a representation A : g — > A(g),g G Q, where A(g) : S — > S are Borel 
mappings. Suppose Q acts on Ti by means of a strongly continuous unitary 
representation U : g — > U(g). Let {t(I)}i £ b(s) a POVM on S, with the 
property: 

U(g)r(I)U(g)^ = r(A(g)I) (3) 

for any I G B(S),g G Q . In this case the structure (Ti, S, Q, A, U, r) so defined 
is called system of covariance. If, furthermore, r is a spectral measure, it is 
called system of imprimitivity j^-pf, [7^,|£^,|g^/. 



While spectral measures represent a "property" of the system on which 
the measurement is performed, generic POVMs can't describe "definite ob- 
servables", but we have to prefer them because they are able to describe 
simultaneous measurements of incompatible observables and measurements 
of time. 

While there is a unified treatment of imprimitivity systems, mainly due to 
G. W. Mackey, we cannot say the same for covariance systems. Anyway we 
can overcame this difficulty by means of the following theorem, which may 
be recognized as a covariant version of Naimark's dilatation theorem |7|, j30|l . 

Proposition 1 Let (Ti, S, Q, A, U, r) a system of covariance. Then there is 
an imprimitivity system (Ti',S,Q,A,V,E), where Ti' is an Hilbert space, V 
a strongly continuous unitary representation of the symmetry group Q acting 
on Ti! , E is a spectral measure on the Borel a-algebra B of S , and there is 
an "intertwining operator" A : Ti — > Ti' , with the property AU(g) = V(g)A, 
for any g G Q , so that the following relation connects the spectral measure E 
to the POVM t: 

t(I) = A + E(I)A. (4) 

Moreover, r is normalized (i.e. r(S) = 1) if and only if A + A = 1, namely if 
A is isometric. 

Finally Mackey' s imprimitivity theorem allows one to find the most general 
form of a system of imprimitivity. 

Proposition 2 Let (Ti', S, Q , A, V, E) be a transitive system of imprimitivity. 
Let q G S be a generical element of S, for any x G S let g x G Q be an element 
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of Q with the property x = A(g x )q. Let H q be "the little group", namely the 
closed subgroup of Q defined by 

geH q & A{g)q = q- (5) 
Then one can represent Ti' as direct integral of Hilbert spaces on S 

U'= rW(x)d^(x), (6) 



where dfi(x) is a measure on B(S) having the same null sets as the spectral 
measure E. The vectors (j> G TC' can be represented by "wave functions" ip{x) 
and the projectors E(I) as diagonal operators: 

(E(I)^)(x) = f I (x)ij(x), (7) 

where fi(x) is the characteristic function of the Borel set I G B. Moreover the 
unitary representation V of Q takes the form of an "induced representation" : 



[V{g)^]{x) 



d/j,(x') 



R(g- l gg x i)ip(x'), x' = A( g l )x 



dfi(x) 

where g~ l gg x ' £ H q and R is an unitary representation of H q . 

The introduction of a system of imprimitivity is very advantageous: in 
this way the probability that the result of the measurement, performed on 
the state <p, belongs to the Borel set I G S takes the following simple form: 



P(cf>,I) = (<j> ) T(I)<l>) = (A(l>,E{I)A<l>)= / f^Uix^dfiix), 4 = A<j>. 

J s 

(9) 

In other words the usual concept of probability density, which can be found 
in the traditional formulation of quantum mechanics, can be re-established 
even if spectral measures are replaced by generic POVMs. 

The last step of our construction procedure is the description of the most 
general intertwinig operator joining the imprimitivity system found by means 
of Mackey's theorem to the unknown covariance system. The following the- 
orem allows one to know when such an operator exists and what its general 



form is. It is based on a generalization of an argument given in ref [JlOj and 
on Schur's lemma. 
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Proposition 3 Let Q be a locally compact topological group with a countable 
base of open sets and of type I. Let Q be its dual space, namely the space 
of equivalence classes of its irriducible representations. Let U and V be two 
unitary representations of its, defined by their central decompositions: 



U(g) = I (U x (g) ® lxW(\), V(g) = I (U x (g) ® l' A )^'(A), (10) 
jq Jg 



IQ ' "' JQ 
acting respectively on Hilbert spaces 



H = J^Hx®IC x d^\), Ti! = 7i x <S> JC' x dfi'(X), (11) 

where U x are irriducible representation and l x and l' A are the unity operators 

acting on the Hilbert spaces JC X or JC' X . 

An isometric intertwinig operator A : 7i — > H! 

AU(g)=V(g)A, \/g £ Q, A + A = 1 (12) 

exists if and only if fi is absolutely continuous with respect to // and 

dim(/C' A ) > dim(/C A ) (13) 

almost everywhere whith respect to fi. In this case it will assume the following 
form: 

[M\* = 2 (U ® A x )^ x , AtA x = 1, (14) 

where 1 A is the unity operator in 7i x and A x : /C A — > K,' x is an isometry 
defined almost everywhere with respect to fj,. 

The theorem reduces all our efforts, once we have the imprimitivity sys- 
tem, to the decomposition of V into I.U.R.s of the simmetry group Q. 
The condition for the applicability of the theorem are not too restrictive, 
since most of the groups of physical interest have the required properties, 
namely they are locally compact with a countable base of open sets and of 
type I. However we shall see that the absolute continuity of the measure fi on 
Q with respect to // leads to interesting physical consequences, namely to a 
series of constraints on the realizability of some measurements on particular 
physical systems. 
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3 Localization of events in space-time 



The first step necessary for the description of a realistic quantum reference 
frame is the definition of its origin. From an operational point of view this 
is the description of the way in which a microscopical object can localize a 
point of the Minkowsky space-time manifold, namely an instant indicating 
the beginning of the time scale and a point in space with respect to which 
position measurements are referred. In other words, how a quantum system 
can point at a particular event, in a relativistic covariant way. 
This kind of measurement can be described by a POVM on the Minkowsky 
space-time Ai covariant with respect to the universal covering of the proper 
orthochronous Poincare group, which will be indicated by V . The problem 
has already been studied in with a different method. We are going to 
rederive those results by means of the above developed construction proce- 
dure. 

The first step is the construction of the most general imprimitivity system 
on M. covariant with respect to V, whose action A on M. is given by 

A(y,a){x) = y + A{a)x, {y,a)eV, y G T 4 , a G SL(2C), (15) 

where A : a — > A (a) is the representation of SL(2C) acting on M. by means 
of the Lorentz matrices. 

The system of imprimitivity is transitive. If we choose as representative 
point of the only orbit in Ai under the action of V the origin O = (0, 0, 0, 0), 
we can recognize the little group in the Lorentz group, or more precisely in 
SL(2C), its universal covering. According to the imprimitivity theorem the 
unitary representation V has the form of an induced representation 

[V(y, a)ifj] (x) = D(a)i>(x'), x,x' E M, (16) 

where i/j takes its values in a Hilbert space 7i, D(a) is a unitary representation 
(not necessarily irreducible) of SL(2C) and 

x' = A(a- 1 )(x-y). (17) 

The projection- valued measure E on the homogeneous space M. allows one to 
represent the vectors ifi belonging to the Hilbert space "H! as square-integrable 
vector- value function defined on M.. The Lebesgue measure d A x on Ai, 
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canonically associated to Minkowsky coordinates, is invariant under the ac- 
tion of V and the norm of ip assumes the simple form: 

Uf = / \Mx)\\Wx, (18) 

J M 

while the spectral measure E on the Borel a— algebra B of Ai assumes the 
diagonal form: 

[E{I)^\{x) = f I {x)^{x), IEB. (19) 

The second step is the decomposition of V into I.U.R.s of the Poincare 
group V . We perform a Fourier transform on M. and pass from the coordinate 
representation to the momentum representation: 

%j}[k) = (2tt)- 2 f exp(ik ■ x)ip(x)d 4 x, k ■ x = x a k a , (20) 

J M 

u\\ 2 = I \\m\\ 2 d A k. (2i) 

V takes the following form: 

[V(y, a)$(fc) = exp(ik ■ y)D(a)^(k'), k' = A(a^)k. (22) 

The physical states of 7i contain only non-negative energy representations, 
it follows that if A is an intertwinig operator between U and V, then AH. C 
7i" C TC', where Ti" is the invariant subspace of H! which contains the vectors 
with non-negative energy, namely the wave functions i){k) with support in the 
future cone V + . We may disregard the values taken by ip(k) on the boundary 
of the cone, which has vanishing Lebesgue measure. In what follows we 
consider the subrepresentation V" of V acting on Ti,". 

Now we introduce for any k in the open future cone an element G SL{2C) 
defined by 

fc = A(o fc )(M, 0,0,0), k° 2 -k 2 = M 2 , (23) 
and the new wave function if)', defined by: 

^{k) = D{a k )^{k). (24) 

The representation V" takes the following form: 

[V"{y,a)ij/\{k) = exp(ik-y)D(a k 1 aa k ,)^(k'), (25) 
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where a k ~ 1 aa,k> = u G SU{2). We can now consider the decomposition of D 
into I.U.R.s of SL(2C), whose matrix elements we indicate with Dj^, m ,(a). 
They are identified by two parameters: x = {Pi n )- Two different I.U.R.s 
identified by (p, n) and = (p',n') are equivalent if and only if either (p, n) = 
(p',n'), or (p, n) = (— p', —n'). There are two series of I.U.R.s: the principal 
series with p real and n integer, and the supplementary series with p imag- 
inary and n = |ll],|3.|2|.|23| . Moreover one should not forget the trivial 



one-dimensional representation. The restriction of these representations to 
the subgroup SU(2) is given by 

Djmfra' i U ) = 5 j 3 ' R mm> ( U ) » ( 26 ) 

where i?^ m , (w) stands for the matrix elements of the I.U.R. of SU (2), labelled 
by the integer or half- integer index j, with 



3 = InUol + 1 »- 1^ = + - l,j (27) 



Every unitary representation of SL(2C) can be decomposed uniquely into 
primary representations, which are direct sums of I.U.R.s, as SL(2C) is a type 
I group. We consider the direct integral decomposition of the Hilbert space 
TC into irreducible spaces labelled by the variable x — (p> n ); an d introduce 
an index a, which distinguishes the spaces where equivalent I.U.R.s operate: 



2 



*=£i? c) ®^ w < (28) 

/_ Y.WM^xWMx)^, (29) 



where u> is a generic measure on SL(2C). 

For fixed values of a, M, x the Poincare group V acts in the way described 
by Wigner pJ : 



[V"(y, a)i!'} aJm (k, x) = exp(zA; • y) ^ R 3 mm >{a k 1 aa k > (k', X ), (30) 



as 



a^aa k , = «G SU(2) (31) 

Every I.U.R. of V with positive mass, identified by the variables (M,j), ap- 
pears in the direct integral decomposition of V" with a given multiplicity 
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(defined almost everywhere on the positive real axis, i.e. on the M-axis). 
The multiplicity of a particular representation (M,j) is strictly positive if the 
subset of SL(2C), whose elements are the I.U.R.s x — (p ; n ) of SL(2C) with 
n < 2j, has no n- vanishing measure u>. Then one can always assume that the 
multiplicity is as large as one needs, allowing the index a to take a sufficient 
number of different values. 

As we have seen in the previous section, the intertwinig operator theorem 
can be applied once U, the unitary representation of V acting on the Hilbert 
space H, is decomposed into direct integral of spaces where I.U.R.s of V 
operate: 

[U(y,a)(j)\ ajm (k) = exp(ik ■ y)^2R J mm/ (u)(/) ajm/ (k'), (32) 

m' 

with 

U\\ 2 = /£||0 Q (MII 2 W (33) 

The discrete index a distinguishes the spaces where equivalent I.U.R.s oper- 
ate. Note that the range of the sum on the indices a and j may depend on 
M. The measure d/i(k) gives some informations about the mass spectrum of 
the system on which the measurement is performed. According to our third 
theorem, an isometric intertwinig operator A between U and V" exists only 
if n(k) (and therefore the corresponding measure on the range of M) is abso- 
lutely continuous with respect to the Lebesgue measure d 4 k. This is possible 
if and only if the physical system on which the measurement is performed 
has a continuous mass spectrum, so we have to disregard the vacuum state 
and the one-particle states, whose mass-spectrum has a vanishing Lebesgue 
measure. Moreover, if a value j appears in the decomposition, the measure 
co of the set / G B(SL{2C)) with I = ({ x = (p, n) e SL(2C), n < 2j}) has 
to be strictly positive. Eventually, if these condition are satisfied the most 
general intertwinig operator takes the following form: 

<jm(k, X) = E A ia>(M, xWcjmik), (34) 
a' 

assuming that = 1 when M belongs to the mass spectrum, with 

/ YAAM^dKAM, X )MX) = <W- (35) 

J a 
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Finally the most general density of probability on the Minkowsky space-time, 
describing the measurement of the coordinates of an event individuated by 
a quantum state described by a vector <fi G Ti. takes the following form: 

P^) = E irr^ \\M*,x)fdu>(x), (36) 



where 

4> ap i(x,x) = (2ir)- 2 J exp(-ik ■ x) ^ D*^a k )Ai al (M,x)(t> a > jm (k)d A k. 



a' jm 

(37) 



This is the main result of ref fE5 



4 Quantum frames of reference 

From an operational point of view a reference frame F can be defined by 
the operations which allow one to connect it to an initially fixed frame F . 
In a relativistic theory the set of the allowed transformation is represented 
by the Poincare group V. Every element of V individuates the translation 
in the Minkowsky space-time and the Lorentz transformation which make 
the origin and the axes of the two frames coincide. We can also recognize 
in the four-vector individuating the translation the coordinates of the new 
origin with respect to the old one, while in the columns of the Lorentz ma- 
trix one finds the components of the new four orthogonal axes, relative to 
the old orthogonal basis. The ten indipendent parameters individuating the 
Poincare transformation can also be recognized as relative observables of the 
two frames, namely relative position, time, velocity and spatial orientation. 
Their description can be given by a POVM on V, covariant with respect to 
V itself. In other words the Poincare group is in this case both the symme- 
try group and the measure space, endowed with the invariant Haar measure 
v. The description is simplified by the assumption of the classical nature of 
the frame F , in other words it will be considered an abstract mathematical 
tetrad with well-defined position, velocity and orientation. In this case the 
Poincare group acts just on the system F by means of left translation and 
the covariance condition assumes the following form: 

UigMipig)- 1 = r{gl), g eV,ICV. (38) 
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As shown in the previous sections, the starting point is the application of 
Mackey's imprimitivity theorem. In this case it is particulary simple: there 
is only one orbit and, if we choose for example as representative point the 
identity e G V, the little group is reduced to the identity and the induced 
representation is simply the left regular representation or the direct sum of 
several representations equivalent to the left regular one and distinguished 
by the index a: 

[v(g f )ip} a (g) = Mg'- 1 g), (39) 

[V(y,a)iP] a (x,b) =MH^ 1 )(x-y),a- 1 b). (40) 

It can be decomposed into i.u.r.s of V by means of the harmonic analysis on 
V, defined by 

<K7) = / ip(g)D\g)dv(g), (41) 
where 7 stands for (M,j). The inversion formula is given by: 

1>(g) = L Trfc^Gr 1 )]^), (42) 
Jv 

where dv(^) is the Plancherel measure on V . On the new "wave function ", 
defined on V, the space of equivalence classes of i.u.r.s of V, the group action 
assumes the following form: 

WtgtfM-y) = W{g)$a(l). (43) 

This procedure can be repeated whenever the action of the symmetry group 
Q on the measure space S is free and transitive, namely if for all x,y G S 
exists one and only one g G Q so that y = A(g)x. In this way, for example, we 
can construct time measurements covariant with respect to time translations 
and position measurements covariant with respect to space displacements. 
In our case we have just to combine the usual Fourier transform on R 4 and 
the harmonis analysis on SL(2C), which give: 

i>a,jmj>mi(k,p,n) = (2tt)^ 2 y exp(ikx)D^ njlml (a)4 a (x, a)d/j,(a)d 4 x, (44) 

and 

IH| 2 =/. ^ Y,n^(k, X )Mk,x)]d A kdKx), (45) 

JTxSL(2C) ~ 
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where dfi(x) is the Plancherel measure on SL(2C), which is concentrated on 
the principal series only. 

As in the preceding section we consider only Tl", the invariant subspace 
of 7i' which contains only the vectors with non-negative energy, and the 
subrepresentation V" acting on TC". For every k belonging to the open future 
cone V + we introduce an element a k 6 SL(2C) defined by equation fl23|) and 
the new wave function ijj', given by: 

i>a,plj'rn'(k, x) = E Dplqs^^qsj'm'ik, x). (46) 

qs 

In this way the action of V on TC" for fixed values of a, M, x, j', m ' assumes 
the form introduced by Wigner p^j : 

[V"(y, a)i/j'} admfm/ (k, x) = exp(ik ■ y) RLn{ a k laa k'W a jnj'm'{ k ' \ x), (47) 

m! 

because of equation (|3l|) and (|26|) Once we have introduced the primary 
decomposition of U shown in equation (^), the most general intertwinig 
operator can be found if and only if the measure d/j,(k), defining the mass 
spectrum of the physical system on which the measurement is performed, is 
absolutely continuous with respect to d A k. In this case, redefmig if necessary 
the normalization of the wave function (f> E Ti so that = 1 when M 
belongs to the mass spectrum, we can write: 

< jmqs (k, X) = E 4s,aa'( M , X)^jm(k), (48) 
a' 

with 

p oo q 

/ E E E Aj(M,x)aa> qs A j (M,x)aa» q sdfi(x) = <W ■ (49) 

a q= \«\s=-q 

Finally the density of probability assumes the following form: 

p(x,b) = J2\Mx,b)\ 2 , (50) 

a 

where 

iP a (x,b) = (27r)- 2 | ex P (-ik ■ x^ilDXib-'a^k^^kdttx) 
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//•+oo 
d 4 fcexp(-zfc-x) / dp V (n 2 + p 2 



CXD J 



x E E E D ,sTrL(b~WW ajmqs (k,x)- (si) 

i.?=lf I m =-J s =-i 

It is quite interesting to compare the density of probability on the Minkowsky 
space-time (0), which was found indipendently in the previous section, and 
the density of probability which can be found from (|5Up by integration on 
SL(2C): 

p(x) = / p(x, a)dp(a), (52) 
which after some calculations assumes the following form: 

p( X ) = E / Tl #a(^ X) + ^'a( X , X)W(X), (53) 

with 

^a{x, x) = (2vr) -2 / exp(-iA; ■ x)^ a (k, x)d 4 k, (54) 



where dfi(x) is the Plancherel measure on the principal series of the i.u.r.s of 
SL(2C). 

As equations (^) and ( |3~?D show, the most general density of probability on 
the Minkowsky space-time admits a generic measure du(x) on the space of 
i.u.r.s of SL(2C). From these considerations one can guess there are some 
constraints on the realizability of some measurement, whose properties can 
be found through an analysis of the physical meaning of the parametres 
X = (p, n) in this context. For example, as shown in ref one can rec- 
ognize as "baricentric" a measurement of events such that the measure u 
on B(SL(2C)) appearing in equation ( |36| ) is concentrated on the trivial rep- 
resentation D(a) = 1. Our results show that such a requirement can't be 
compatible with the measurement of the further parametres fully describ- 
ing a reference frame. In other words the origin of the quantum reference 
frame can never be localized on the world line of the centre of mass of the 
microscopical system defining it. Moreover, as the same author suggested 
in a previous paper |27J, for a complete description of a quantum reference 



frame kinematical variables are not sufficient, but internal degree of freedom 
must be involved. We can see for example that neither the invariant mass of 



16 



the system nor its spatial distribution, namely the centre of mass position, 
can be arbitrarily fixed and disregarded, but have a foundamental role in the 
whole description. 



5 The observables relative to a quantum ref- 
erence frame 

The quantum picture is complete if every classical element is disregarded and 
every kinematical variable of a quantum system Fj is referred to a quantum 
reference frame Fj, namely a microscopical system with continuous mass 
spectrum. This can be simply obtained in two steps if the quantum systems 
Fi and Fj don't mutually interact. 

First of all let's introduce as a preliminary tool a classical frame Fq, with 
respect to which the parametres of the Poincare tranformation connecting 
it to the quantum frame Fj and a cinematical variable of the system Fj are 
referred. The first ones are described by a POVM Tj on the universal covering 
of the Poincare group V, acting on the Hilbert space rii, while the second 
ones are described by a POVM Tj on a measure space S acting on the Hilbert 
space TCj. If there is no interaction the POVMs Tj and Tj and the unitary 
representation of V can be extended to the whole Hilbert space 7i = Tij <8> rii 
by the relations: 

U(g) = U j (g)®U t (g) 1 g £ V, (55) 

fi(I) =1® Ti(I) fj(J) = Tj{J) <g> /, (56) 

for all Borel subsets I C V and J C S. One can easily see that f and fj 
are endowed with the right covariance properties with respect to Poincare 
t r ansf or mat ions : 

U(g)f l (I)U(g- 1 ) = n(gl) U(g)fj( J)U{g- 1 ) = fj{K{g)J) Vg E V. 

(57) 

Moreover the operators in their ranges are mutually commuting: 

[T i (I),T j (J)]=0, ICV,JCS. (58) 

If these condition are satisfied the convolution [13,2{| Tjj of the two POVMs 
fj and fj can be defined by the relation: 

m{J) = J MH9~ 1 )x)dT t {g)dT j (x) i geV, x e S, J c S. (59) 
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It is suitable for the description of the relative observables of the system 
Fj with respect to the quantum frame Fj. Indeed is endowed with the 
properties of a POVM acting on the Hilbert space H, namely positivity, 
o— additivity and normalization. Moreover, as we expected, it is invariant 
under the action of the Poincare group V: 

U{~g)r l3 {J)U{~g- V ) = j /j(A(rt)A(r>)^(^(x) = r tJ (J), (60) 

in fact a Poincare transformation will act on both Fj and Fj, changing the 
"absolute" cinematical variables of the two systems but leaving invariant the 
relative ones. 

The mathematical description of the relations connecting two not-interacting 
quantum frames Fj and Fj can be obtained as a special case of this formalism. 
If in the previous discussion the quantum system Fj has a continuous mass 
spectum, while the measure space S coincides with the Poincare group again, 
Tij describes the measurement of the ten parametres of the transformation 
connecting the two frames. It assumes the following form: 

rail) = I fiig-'g^dr^dTjig'), JCV. (61) 

The intuition can be helped by a calculation of the density of probability 
describing the statistics of the measurement, defined by 

(0i <g) <pj, Tij(I)<f>i <f>j) = / fi(g)pij(g)dfi(g), (62) 

which assumes the following form: 

Pij(g)= pi((f>hg f )pj((/)j,g'gW(g'), (63) 

JV 

where pi(<pi,g') and Pj((j)j,g'g) are the densities of probability describing a 
measurement of the "absolute" parameters g' and g'g, namely relative to a 
classical reference frame Fq, which were calculated in the previous section. In 
other words if the Poincare transformations identified by the elements g' and 
g'g connect the classical frame to the quantum frames F and Fj respectively, 
then the transformation from F to Fj will be individuated by the element 
g G V, whatever g' may be. 

The introduction of a third quantum frame Fk in the description leads 
to some surprising consequences, which are commonly called "the paradox 
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of quantum frames". While the relative observables of F{ and Fj, or of F{ 
and F]c, can be described respectevely by T»j — fi * tj or by r ik = fj * r k , 
the relative observables of Fj and can't be obtained by the convolution 
rfk * Tij as it doesn't own the necessary properties. The operators in its 
range could be positive if and only if the POVMs r ik and commute, but 
it can't be required and it is not generally true. One can easily see that the 
commutativity of the POVM {Ti(I)}i £ B{P) is a sufficient condition for the 
commutativity of and Ty-: 

[f<(/) J f i (/ / )]=0 [T ik (I),T ij (I l )} = 0, 1,1' CP, (64) 

however the first condition cannot be required. Note that the commutativity 
of the projectors in the range of the spectral measure {Ei(I)}i & B(v) does 
not involve the commutativity of the POVM Ti(I) = A + Ei(I)A, unless the 
range of the intertwinig operator TC" = A7i is an invariant subspace under 
the action of the projectors Ei(I). One can easily see that in this case 
the positive operators in the range of the POVM Tj would be projectors 
too, but this is forbidden by Pauli's theorem and by the non compatibility 
of the observables describing a reference frame. In other words sequential 
measurement of the relative parametres of two quantum frames Fj and F k 
with respect to a third quantum frame Fi are not compatible, even if they 
don't mutually interact HH,pT|l. 
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